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 ii) Fréchet  df  F  iii) F 





Hilbert  Lipschitz  Fréchet 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w∗-  Lipschitz 	 Gδ  Fréchet  (
Fréchet )  w∗- Lipschitz	 Hilbert
 Lipschitz 	 ‖ · ‖L0 -  Lipschitz ∆- 	
	
 Lipschitz	 Choquet
	 Lipschitz	 Ω Banach  X 
 (fn) ⊂ L0(Ω) ‖ · ‖L0 - f ∈ L0(Ω).  ‖fn − f‖∞ −→ 0 (n → ∞),
 fn
w−→ f in (L0(Ω), ‖ · ‖L0).
 Lipschitz  Gâteaux  G- 
Lipschitz Æ Hilbert  Schauder  Banach
 Lipschitz  f  Gâteaux 
	 !	 f 
 G- 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This paper studies mainly characterizations of the differentiability of Lipschitz map-
pings on Banach spaces. We prove that for every Lipschitz mapping f from a Hilbert space
H to Rn there exists a dense Gδ-subset F of H such that i) f is Fréchet differentiable at
every point of F ; ii) the derivative df of f is continuous on F ; and moreover, iii) the set F
can be chosen to be the Fréchet differentiability point set of a Lipschitz convex function
on H. Hence, it completely solves a long-standing problem concerning Fréchet differentia-
bility of Lipschitz mappings between Hilbert spaces, and also gives Lindenstrauss-Preiss’
problem an affirmative answer; and further, it implicates a significant improvement of the
Lebesgue-Rademacher theorem: every Lipschitz mapping between two finitely dimensional
spaces is C1 off a null set of first category.
The main tools used for obtaining the foregoing results are some approximation prop-
erties of Lipschitz functions by continuous ∆-convex functions and the convergence be-
havior of sequences of Lipschitz functions defined on Banach spaces. In this thesis, there
are two results on these two topics as following:
For the dual of a locally uniformly convexifiable Banach space, we show that ev-
ery w∗-lower semicontinuous Lipschitzian convex function can be uniformly approximated
by a generically Fréchet differentiable w∗-lower semicontinuous monotone-nondecreasing
Lipschitzian convex function sequence. On Hilbert spaces, we prove that every Lipschitz
function can be uniformly approximated by a ‖·‖L0-bounded ∆-convex function sequence.
Through giving a generalization of Choquet theorem to the dual of Lipschitz function
spaces, we present a criterion for a sequences in Lipschitz function spaces to be weak
convergence: Suppose that Ω is a nonempty subset of a Banach space X and that f ∈
L0(Ω), and suppose that (fn) ⊂ L0(Ω) is a bounded sequence such that ‖f − fn‖∞ −→ 0,
Then fn
w−→ f in L0(Ω).














property for studying the Gâteaux differentiability of Lipschitz maps between Banach
spaces, and prove that every Lipschitz mapping from a separable Hilbert space to Banach
space Y with Schauder basis is Gâteaux differentiable on a residual set if and only if the
mapping has the generically G-sequential compactness property.
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+	 Hilbert  Lipschitz 	!
 Fréchet $2;2
 '(#126 Hilbert 1 Fréchet  Lipschitz 	<
02 1979 'Phelps  Fitzpatrick 7
/<067=0'	8
1990 ' Preiss[1] 
.93.	83 Preiss 
: Asplund  Lipschitz 	,411 Fréchet 
;
	 Preiss  1990 '>1	-69? 45 9<@4 [2]. /
*Æ7=0A/>B:
 (xn),	 (xn)5 Fréchet 





 Preiss [3] 0H:Æ7.<G6I (B19:),  [3]














JK 1.1.1[3]  X  Banach  f : X −→ R Lipschitz	 f 
Gâteaux ?	BCK w∗- DE	 X∗  f  Fréchet 

(F$F X∗ +! f L6J).
Preiss Æ:3.4;<Æ:'33
$5>=	=










=0 Hilbert  Lipschitz GA	,
AI Ann.of Math.,157(2003), @H? Banach  (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Lipschitz mapping f : H1 → H2,


H2 = R, positive,
dimH2 = ∞, negative,
H2 = Rn(n ≥ 2), unknown.
N 1.1.1 4O
































 (X, ‖ · ‖) & Banach  (I	&), S (X∗, w∗) X 
U w∗- B< (X∗, w∗) 	@Hausdorff B<CD1LF X
 X∗ D=D w∗- B<DOS 〈x∗, x〉  X∗ ×X
 R 3$
SX ≡ {x ∈ X : ‖x‖ = 1}; BX ≡ {x ∈ X : ‖x‖ ≤ 1};
BX∗ ≡ {x∗ ∈ X∗ : ‖x∗‖ ≤ 1}; B(x, δ) ≡ {y ∈ X : ‖y − x‖ ≤ δ}.
S Ω  Banach  X F Ω D@ extΩ 5> Ω V

 xn ∈ X,n = 1, 2, · · · , 0 (xn) 5>0 {xn} 5> xn,∀n ∈ N JE
K
 Y  Banach  (	) f : Ω −→ Y (R), 3	 L > 0, 	
‖f(z) − f(y)‖ ≤ L‖z − y‖, (|f(z) − f(y)| ≤ L‖z − y‖),∀z, y ∈ Ω,
4 f  Ω 	 Lipschitz  (	). 8
D L IF@S ‖f‖L0 , 4
 f  Lipschitz3	S ‖f‖∞ = supx∈Ω ‖f(x)‖(supx∈Ω |f(x)|)5> f  sup-norm.
 δ > 0, f  B(x, δ) 	 Lipschitz 4 f 
 x 	 Lipschitz 
 f  Banach  X E D  Banach  Y  Lipschitz 
x ∈ D. +G T : X −→ Y , 	 ∀ y ∈ X,
Ty = lim
t→0+




 x GâteauxG T (=$	H)4 f  x1 Gâteaux



















‖f(x + ty) − f(x)
t
− Ty‖ = 0,
?B4 f 
 x Fréchet 4 df(x)  f  x 1 Fréchet ?	> f
 x 
 Fréchet ?	 df(x) F	F
f(x + y) = f(x) + df(x)y + o(‖y‖). (1.2.2)
S F(f)  f  Fréchet 
4
7 1.2.1  f : X −→ Y  x FK Gâteaux  f  Gâteaux 
 df(·)  x 
	 f  x 
 Fréchet 
 f : X −→ Y  X  A  Fréchet  df , ?B4
f  A 	 C1 ?L 1.2.1 ,FK A 	E
51LI	
Fréchet 
F dimX < ∞Lipschitz  f  Gâteaux M Fréchet 	F
dimX = ∞ A,E	 (G;:0 1.4.1). D5 Gâteaux 
CG@ Fréchet HLXY9NB Gâteaux 5 Fréchet
Q.9	/0
NO	 (1.2.2) 	 f 
Fréchet O f +<Æ: Fréchet 5W





 ε > 0, +G T : X −→ Y  δ > 0, 	
‖f(x + y) − f(y) − Ty‖ ≤ ε‖y‖, ∀‖y‖ < δ, (1.2.3)
4 f 
 x ε-Fréchet G T 4 f 
 x  ε-Fréchet ?	A5
 (1.2.3) H T . F f 0
 x Gâteaux 0 df(x) 8, T , 0 2ε
8, ε. =$ f 
 x Fréchet F	F ∀ε > 0, f 














§1.3 Lipschitz 3MN GâteauxO45
 Gâteaux K83 Mazur[6] 	I1@I:
 Mazur K: Banach  X 	, X
4 Gδ 11 Gâteaux ;::*H6'E[
*+,A&&Q	P	9
11
JK 1.3.1[7]  X  Banach  A  X  X 
&@	 A 1 Gâteaux F	F A E[	9 ∆- 	L
4 X  B 	&@	 φ L	I X DQB: Z,  u ∈ X\Z
(X = Z ⊕ span{u}), 	 B = {z + φ(z)u : z ∈ Z}.
	*3 MazurRC 'L




	 µ- KBC4C0P (null set). M$]N
Banach 	
ROP#3$+,@ ( the first category) B
CPB
5DK Lebesgue &Q Lipschitz 	2
 '-E2
 LebesgueP
L Haar null sets[13], Gaussian null sets[14], Aronszajn null sets[15], Γ-null sets[4]
Aronszajn null	? Aronszajn [15] Gaussian null	?
Phelps [14] 
P83	 Csörnyei [16]  Gaussian
null+	 Aronszajn null  Borel  A 	 Aronszajn nullF	F X 
NO Gaussian  µ,  µ(A) = 0. ]N Aronszajn null 
1T#
@ Aronszajn null 4 Gaussian null Q0 Aronszajn null NE8,
Gaussian null31:: 1.3.2 :S9 1.3.2 &
1	@&* Rademacher IJ Lipschitz 	 Gâteaux
















JK 1.3.2[15,17,18]  X  Banach  U  X E Banach 
Y  RNP,  f : U −→ Y  Lipschitz  f  U  Gâteaux 

BCK	 Gaussian null 

(4 Banach  X  Radon-Nikodým  (RNP) (P X  RNP 
),  (Ω,Σ, µ)  µ- UVCD@ τ :





F A ∈ Σ C ( RNP ;8*G [19] OH)
JK 1.3.3[19,20]  X  Banach *
i) X  RNP;
ii)  Lipschitz	 (L-R	) f : [0, 1] −→ X 2311
iii)  Lipschitz 	 f : [0, 1] −→ X  ε- 
 ∀ε > 0.
 1.3.3 K 1.3.2 J Lipschitz @K Y  RNP 	
!
ILindenstrauss Preiss [4] Γ-nullÆ	 1.3.2
 Gauss nullP_ Γ-null;C	 Lipschitz  Fréchet
Æ:8	3.U σ-porous 	 Γ-null  Banach 
 Lipschitz 	CQ Fréchet 

KE@QH;FC Hilbert  Lipschitz  Gâteaux


§1.4 Lipschitz3MN (RS)Fréchet O45
@ 1.3.2  Gâteaux _C Fréchet ?B Rademacher +























T 1.4.1[21] T	 f : l2 −→ l2, f(x) = |x|, 
( x = {λ1, λ2, · · · , λn, · · ·}, |x| =
{|λ1|, |λ2|, · · · , |λn|, · · ·},  f  l2 1 ε-Fréchet  (ε < 1).
 Fréchet I<F? (porous sets)[4,7,19,22] Æ
J8 1.4.2 4 Banach  X  A  porous  0 < λ < 1 UQ
(V x ∈ A  δ > 0,  y ∈ X 	
0 < ‖y − x‖ < δ  A ∩ B(y, λ‖y − x‖) = ∅,
4K A  porous 4	9 porous  σ-porous 




 Preiss  Tǐser[22] G
6
56
JK 1.4.3[22]  X  Banach  X 
 Borel 
 X = A ∪B,  A M X (V2+DV B 	
	9D porous 
7 ? σ-porous  Lebesgue N 1.4.3 

	
J8 1.4.4  A  Banach  X 	 λ, 0 < λ < 1, UQ
(V x ∈ A,  u ∈ X  ‖u‖ = 1, 	 ∀δ > 0,  0 < t < δ UQ
A∩B(x + tu, λt) = ∅, 4 A ÆC porous 	9ÆC porous 4 σ-
ÆC porous 

K	? Zaj́ıček[23]  Preiss  Zaj́ıček  [24], [25] GF
*ÆC porous =$	 porous. 9E	
? 1.4.3 , porous 	 σ- ÆC porous 
0K Fréchet  porous W4F>R
T 1.4.5[21]  A  Banach  X  porous  Lipschitz 	 f : A −→














T 1.4.6[22]  X  Banach  A(⊂ X) 	D porous 
 Lipschitz 	 f : X −→ R  A 1 Fréchet 
JK 1.4.7[26]  Banach 	 σ-
porous  Fréchet 
JK 1.4.8[27]  X  Banach  X∗  X 
	 ‖ · ‖  ε > 0, 	 f(x) = ‖x‖ 1 ε-Fréchet ?
*+, Banach X 	 Fréchet
	 Gδ 16
[28]  LindenstraussF X 3</K0	4WW Asplund[29] 
/F X∗ ?B	 Fréchet 
	4 Gδ
]N 1.4.8,: X∗ ;
XX?/#@ X∗ 
 X(PHA> Y ⊂ X,  Y ∗ ) 4 Asplund
>X 	4 Fréchet 
	 (Lipschitz	)
 Fréchet G	ZH@JY9 1979'KL"Z&
/0K Hilbert1 Frechet  Lipschitz
	O?		 Gâteaux  [14,15,17,18]. 1979 ' Phelps
 Fitzpatrick 7&@	
/<0	8 (5 Hilbert
 l2(Γ) &1 Fréchet  Lipschitz  [30], F Γ 	0
W1 Gâteaux  Lipschitz  [31].) / Fréchet #6L
XCÆ:PO/CD`! [32−35].
? Fréchet ZH2'.9-E@ÆC (Æ
C?	Clarke Y ε-Fréchet  Lipschitz 	
 Lipschitz Y[)  Lischitz 	 [24,36−43,5,44−51], 1L	 ε-Fréchet 
 [5,44] (ZG
UE*), /8, Fréchet 
K::@0IJ ε-Fréchet 
G X∗ 
 Y  RNP.  [5]  X Q3< (0 X = l2),  X  Rn
 Lipschitz  ε-Fréchet 
















JK 1.4.9  X Z./ f : X −→ Rn  Lipschitz 


















H*	* Banach 	./	 Lipschitz 	










KEQHGQ0 Lipschitz 	 ∆- 	@[(	Æ7
] Lipschitz 	1L>
 Hilbert 	
Lipschitz 	CQ Fréchet 
'CQ Fréchet 
	
 (residual), [ Gδ- 




)QHH8^@40 Lipschitz 	 Fréchet 
1T
H §2.3	 Banach w∗-
 Lipschitz	 Gδ  Fréchet  w∗-
 Lipschitz 	/8_`N?KE?O-<7P
KKEaM
C* (Approximation of Convex Functions on the Dual of Banach
Space, J.Approx.Th.116, 126–140(2002)). QC* Banach  Lipschitz 	
[( ∆- 	
§2.2 :WNX4Y%4Y5;
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